We construct the quasi probability distribution W (p, q) on even dimensional vector space with marginality and invariance under the transformation induced by projective representation of the group Sp(2, Z) whose elements correspond to linear canonical transformation.
I. INTRODUCTION
In quantum mechanics, as is well-known, we cannot define probability distribution function on phase space with which observed values for any operators are equal to the weighted average. At the expense of taking a negative value, we can define the function W (q, p) which resembles probability distribution on phase space. Such a function was presented by Wigner in 1932 [1] and called Wigner function, which is defined as:
whereρ is a density matrix and∆(q, p) is the Fano operator given bŷ ∆(q, p) = 1 2π
It is easily checked that the Fano operator satisfies two properties, marginality ∞ −∞∆ (q, p)dp = |q q|, ∞ −∞∆ (q, p)dq = |p p|, (2) and covariance under the linear canonical transformation,∆
whereÛ hc is unitary operator for linear canonical transformation, q ′ =Û hcqÛ † hc = αq + βp, p ′ =Û hcpÛ † hc = γq + δp,
and 2 × 2 matrix h c is an element of group Sp(2, R);
Sp(2, R)
= h c , h c = α γ β δ , αδ − βγ = 1, α, β, γ, δ ∈ R .
This covariance of the Fano operator means the invariance of the Wigner function under changing the label of a point on phase space from (q, p) to (q ′ , p ′ ) = (αq + βp, γq + δp) ;
so, we are mainly concerned with covariance of the Fano operator, rather than invariance for the Wigner function. From marginality, we obtain the equation
Applying the similarity transformation by the unitary operatorÛ hc to both sides of eq.(5), we can find that the integration of the Fano operator multiplied by q n p m over phase space is equal to the Weyl ordering products (q n p m ) W of operatorq npm which is given by
This equation teaches us that the expectation value of Weyl ordered operator (q npm ) W for the density matrix ρ is equivalent to the "weighted average" of q n p m with respect to the Wigner function,
Conversely, in our previous paper [2] , it is shown that the Fano operator is uniquely determined if it is a continuous operator of q and p and satisfies the above two properties, namely, marginality eq.(2) and covariance eq.(3) under the linear canonical transformation. Other methods how to determine the Wigner function or the Fano operator uniquely are studied in literatures [3] and [4] . For the quantum system on the finite vector space, we investigated the same problems as on one-dimensional quantum system in the paper [2] and found that the Wigner function with properties corresponding to the above two properties exists uniquely on odd dimensional vector space and that it does not exist on even dimensional vector space.
For even dimensional vector space, Leonhardt proposed the Wigner function W (q, p) which resembles the one for the one-dimensional quantum system, although variables q and p take integers related to eigenvalues of corresponding operators and half-integers between 0 and N − 1 2 [5] . We can check that the Fano operator ∆ (L) for this Wigner function satisfies the covariance and marginality,
where I N and H N are sets of integers and half-integers in right-open interval [0, N ), respectively,
and the set IH N is union of I N and H N . Can we determine the Fano operator on even dimensional vector space if the above two conditions are imposed? We study this problem in this note.
II. PREPARATION
As we cannot have a pair of operators which satisfy the usual canonical commutation relation for linear operators acting on finite dimensional vector space, we define operators which satisfy the similar multiplication rule to one of e iaq and e ibp ;
e iaq e ibp = e −i ab e ibp e iaq .
Using an orthogonal basis {|0 , |1 , · · · , |N − 1 } of the vector space under consideration, the operatorsQ andP are defined byQ
where |p is the Fourier transformed vector of |q
and ω N is a primitive N -th root of unity,
In order to make equations simple, we assume that elements |q and |p satisfy periodical boundary conditions
We can check that these operators to the N -th power are equal to unit matrixQ
and thatPQ is equal toQP multiplied by
The operatorsP mQn , (n, m = 0, 1, 2, · · · , N − 1) are linearly independent, because of
Since the operatorÊ′ = |′ | can be expressed with the expansion
any operators are decomposed into the series of P nQm , (n, m = 0, 1, 2, · · · , N − 1) ,uniquely. For example, the Fano operator∆ (L) (q, p) for the Wigner function proposed by Leonhardt on even dimensional vector space is expanded in the form,
and the marginal conditions (6) and (7) for this Fano operator become
Instead of the transformation rule (4), we impose the transformation rule on operatorsQ andP
where h is a 2 × 2 matrix whose elements are given by κ, λ, µ and ν in the above equation
and should be an element of group Sp(2, Z) = Sl(2, Z), because the unitary transformed operatorsÛ hQÛ † h and U hPÛ † h satisfy the same conditions as eq.(10). From the same condition as eq. (9), we can determine coefficients a Q (h) and a P (h) up to integers N P (h) and N Q (h),
We choose these integers as the followings,
Owing to this choice, we can show that the operatorŝ Q nP m , (n, m ∈ I N ) transformed by unitary operatorŝ U h andÛ h ′ successively are equal to the operators transformed by the unitary operatorÛ hh ′ ;
where h and h ′ are arbitrary elements of the group Sp(2, Z). Since any operators are described in series of operatorsQ nP m , the unitary operatorÛ h ′Û h is equivalent toÛ hh ′ up to phase factor, that is,Û h can be considered as a projective unitary representation of the group Sp(2, Z),Û
We assume that the Fano operator is covariant under the similarity transformation with respect to theÛ h ;
@ Then, operator of bothÛ h ′Û h andÛ h ′ h must transform the Fano operator to same operator; namely, the Fano operator with arguments (ν
p instead of q and p, respectively. This fact is ensured by eq.(18) which is derived by the choices (16) and (17).
In our previous paper [2] , we constructed the Fano operator whose arguments take integer only in the case where integer N P and N Q are equal to zero. Using the same method as was done there, we can show that it is determined uniquely only if n ± = 0 on odd dimensional vector space and that it does not exist for any integer n ± on even dimensional vector space.
In the next section, we construct the Fano∆(q, p) operators whose arguments q and p take integer and halfinteger values and which fulfills two conditions, marginality and covariance.
III. CONSTRUCTION OF THE FANO OPERATORS
It is convenient to introduce the Fourier transformed Fano operator as follows,
Here, q f and p f take integer and half-integer values, so this definition is equivalent to discrete Fourier transformation with period 2N . The marginality eq. (13) and (14) are cast into the simple form
From the covariance eq.(19), we get the restriction to the Fourier transformed Fano operator by explicit calculation,
(23) Now, we find the Fourier transformed Fano operator at arbitrary point (q f , p f ), (q f p f ∈ IH N ). Because the∆ F (p f , q f ) is periodic operator with period N and κ and λ of integer parameters in the transformation eq.(15) should be relatively prime to each other because of the relation κν − λµ = 1, we make three integers κ, λ and ξ from p f and q f ,
where ξ is the greatest common divisor of 2p f − 2N 
where h(q f , p f ) is an element of Sp(2, Z) and is given by
where µ and ν are any integers which satisfy the relation κν − λµ = 1 for κ and λ defined by eq.(24). The right hand side can be estimated by the transformation rule eq.(15) and marginality condition (21)
and we get
For the element h ± = ±1 0 µ ±1 of Sp(2, Z), we havê
which is consistent with the marginality condition (21) if n − ±n + is equal to the integral multiple of N . Therefore, we may get the Fano operator satisfying marginality and covariance if we choose the projective unitary representation of Sp(2, Z) with n + = n − = integer × N or with n + = n − = N 2 + integer × N in the case where N is even number.
First, we study the case with n
We can obtain the second equality, taking account of the fact that both integers κ and λ are not even because of the condition κν − λµ = 1 and that (κ − 1)(λ − 1) is an even number. Returning variables ξ, κ and λ to p f and q f by use of eq.(24), we havê
which is equivalent to the Fano operator proposed by Leonhardt in eq.(12). Second, we investigate the case with n
Since ξ(ξ − 1) is even number and the factor ω
in the first equality is equal to unity, we get the second equality. Using eq.(24), we can replace the variables ξλ and ξκ to q f and p f , respectively and we obtain the operator∆
which is different from the Fano operator by Leonhardt only when variables p f and q f are half-integers. In this case, it is not used that dimension of the vector space under consideration is an even number, so far, and we can find the Fano operator for odd dimensional vector space from the above equation, although what we want to find is the Fano operator on even dimensional vector space. Let us transform the operator∆ F (p f , q f ) to∆(q, p) by inverse transformation of eq. (20). Noting that the integers 2p f and 2q f take values between zero and 2N − 1 and that the same operatorP mQn appears four times in the summation by p f and q f , we havê
For odd dimensional vector space, eq.(29) becomeŝ
Thus, extension to the Fano operator on IH N has no meaning and it reduces to the Fano operator proposed by Cohendet et al. [6] and constructed in our previous paper [2] .
IV. SUMMARY AND DISCUSSION
In this note, we constructed the Fano operator which satisfies marginality and covariance under unitary transformation like linear canonical transformation for one dimensional quantum system. We considered the projective unitary representations which are characterized by two integer-valued variables n + and n − as the unitary operator to cause this transformation. It was shown that there are the Fano operator with these properties for only two cases. The one is for n + = n − = N 2 +N ×integer and the other is for n + = n − = N × integer. For both cases, we could uniquely determine the Fano operator which is equivalent to the one given by Leonhardt in eq.(12) for the former case and which is new one for the latter case.
Finally we consider the relation between "weighted average" of function of q and p with the Wigner function and expectation value of operators. It is sufficient to investigate expectation values of operatorsQ mP n , because any operators are expanded in series of those operators. We use the same method as is explained for onedimensional quantum system in the Section I. We start with expectation value of operatorQ ξ . From marginality eq.(13), we have
Applying the similarity transformation by the unitary operatorÛ h to the above equation, we obtain
Here, we change the integers p and q for summation to p ′ and q ′ defined by
where m p and m q are integer part of ratios of νq − λp and −µq + κq to N , respectively. Using that ξ(ξ −1) and (κ−1)(µ−1) are even numbers, and replacing ξκ and ξλ by a and b, we obtain and ω p N as classical variables corresponding to quantum operatorsQ andP , respectively. So the above equation tells us the operator ordering of quantum quantities whose expectation can be calculated using the Wigner function. We derived the eq.(32) in the roundabout sort way in order to see the relation between the covariance and operator ordering. These equations are same ones as eqs. (26) and (28), as was pointed out in the paper [7] .
In this note, we have investigated the covariance of Fano operators for the group Sp(2, Z). It is also natural to consider the covariance for Sp(2, Z N ) where Z N is the cyclic group of order N . The origin of the latter group and the group theoretical treatment of the covariance will be discussed elsewhere.
